The formation of coarse columnar grains (CCGs) in the as-cast austenite structure of peritectic carbon steels is a serious problem in continuous casting processes. Recently, it was elucidated that the formation of CCGs is ascribed to a discontinuous grain growth. Furthermore, the critical condition for the discontinuous growth to occur was elicited on the basis of phase-field simulations and a theory of grain growth. In this study, by means of the phase-field simulations, the detailed investigation is carried out for the grain coarsening of the as-cast austenite structure. It is demonstrated in the two-dimensional simulations that the coarsest grain structure emerges by the discontinuous growth in the vicinity of the critical condition. In addition, a model for predicting the upper limit of grain size during the discontinuous growth is proposed. The model successfully describes the experimental result with reasonable accuracy.
I. INTRODUCTION
THE as-cast c-austenite structure in continuously cast slabs of peritectic carbon steels consists of coarse columnar grains (CCG) in the vicinity of the slab surfaces. Because the size of CCG is related closely to the occurrence of surface cracking and low ductility of the slabs, [1] [2] [3] [4] the precise description and prediction of the as-cast c grain size are important issues in the field of casting of steels.
Several attempts have been made for the description and prediction of size of the CCGs during continuouscasting processes. [5] [6] [7] [8] [9] [10] In the early works, the CCG structure has been supposed to originate from continuous grain growth that occurs during cooling below a temperature for completion of transformation to c single phase T c . [5] [6] [7] [8] However, our recent study by means of a rapid unidirectional solidification experiment revealed that the formation of the CCG structure is actually ascribed to a discontinuous grain growth. [11] Figure 1 shows the ascast c grain structure observed in a 0.2 mass pct carbon steel quenched during the unidirectional solidification. The CCGs develop from the mold side to the upper part. Importantly, fine columnar c grains (FCGs) exist ahead of the CCG region. The boundary between the FCG and CCG regions, which in this article is termed the FCG/ CCG region boundary (FCRB), is identified in Figure 1 . From the temperature measurements, it was found that the temperature at FCRB is always T c during the solidification, and hence, the FCG region corresponds to liquid + c two-phase field, whereas the CCG region is c single-phase field. Although the FCGs always form ahead of the growing CCGs during the solidification, the FCGs near the FCRB shrink with the growth of CCG. More specifically, coarse c grains, which formed in the vicinity of the mold wall, develop preferentially along the temperature gradient below T c at the expense of FCGs, finally growing to CCGs. This process is characterized by vertical motion of FCRB in Figure 1 and is classified as a discontinuous grain growth. Because the liquid phase in FCG region prevents the migration of FCRB, the FCRB moves upward together with the position of T c .
In our recent study, [12] the occurrence of the discontinuous growth in various cooling conditions and the CCG formation by this mechanism were verified by means of phase-field simulations. Then, we elicited the critical condition for the discontinuous growth to start and continue based on a theory of grain growth, which is given by [12] 
where V T is the migration velocity of the T c position called the thermal velocity in this article, M 0 T grain size in each growth condition were not discussed.
In the early works, [5] [6] [7] [8] the description and prediction of as-cast c grain size have been attempted based on the assumption that the CCGs form by continuous grain growth during cooling below T c . One important finding in our previous experimental study [11] is that the short axis diameter of CCG increases only near FCRB, viz., near T c , and it does not change virtually during cooling below T c . This fact is in marked contrast to the assumption made in early works. Therefore, it is indispensable for an appropriate description of size of the CCGs to examine grain coarsening during the discontinuous growth in great detail and to revisit the conventional models in the light of the continuous and discontinuous growth processes. In this article, we first demonstrate the effects of cooling conditions and material parameters on the as-cast c grain sizes obtained by 2-D phase-field simulations. It will be demonstrated that the coarsest grain structure emerges by the discontinuous growth in the vicinity of the critical condition. The conventional models based on the continuous growth underestimate the size of CCGs formed by the discontinuous growth. Then, we propose a model for predicting the coarsest grain size based on a theory of grain growth and demonstrate that this model successfully explains the experimental fact with reasonable accuracy.
II. COMPUTATIONAL DETAILS
The detail of the phase-field model employed in this study is found in References 13 and 14, and the computational conditions are the same as those reported in our recent paper. [12] Here, we explain the computational system and the essential equations used in this study. As described in the introduction, FCGs always exist ahead of the growing CCGs. The FCGs cannot grow along its short axis direction because of the pinning effect of liquid phase, which also prevents the FCRB from moving. [11] In the light of these facts, we omitted the initial formation process of FCGs and dealt with only the grain growth starting from the already formed FCG structure during cooling as detailed subsequently.
Within the multiphase-field model, [13, 14] grain growth in polycrystalline materials is described by the temporal evolution of phase-field / i (r, t), which represents a probability of finding a grain with an orientation i at given spatial point r and time t. The temporal evolution of / i is described by the following equation [14] :
where L(T) is the phase-field mobility of temperature dependent, s i is a step function with s i = 1 for / i > 0 and s i = 0 otherwise, and n represents the number of phases existing at a given spatial point as defined by n ¼ P N i s i with the total number of crystallographic orientations counted in the simulation N. e and x are the gradient energy coefficient and a height of parabolic potential, respectively. Within the phase-field model, the grain boundary is described as the diffuse interface with a finite thickness W. e and x are associated with W and the grain boundary energy r as given by e ¼ 2 ffiffiffiffiffiffiffi ffi Wr p p and x ¼ 4r=W. In the current study, r is set to r = 0.79 J m À2 [15] and W is given to be W = 6 AE Dx with the square grid spacing Dx = 10
Þwith the gas constant R. Here, L 0 and Q were determined to be L 0 = 104 m 3 J À1 s À1 and Q = 177 kJ mol À1 based on the reported values of the grain boundary mobility in the c phase. [7] These values were chosen as typical values of steels, and we do not focus on a specific composition in the phase-field simulations. Also, the crystallographic anisotropies of r and the grain boundary mobility are not taken into account for simplicity.
The computational system is a 2-D system divided by 1000 9 500 square grid points for x-and y-axes, respectively. The system size accordingly corresponds to 10 mm 9 5 mm. As mentioned, we focus on the grain growth from the FCG structure. Hence, the system consists initially of only FCGs. Several types of initial FCG structures were obtained by preliminarily performing isothermal phase-field simulations for different conditions. [12] It was found in the experimental study [11] that the short axis diameter of the FCG is always equal to the primary dendrite arm spacing during the solidification process, which indicates the strong pinning effect of the liquid phase in the FCG region. Because detailed descriptions of pinning phenomena on the motion of FCRB require large computational burdens, we used an effective mobility approach [16] to take the strong pinning effect into account. Within this approach, the grains are not allowed to grow above T c . When the temperature decreases to T c , the grain growth Fig. 1 -The micrograph of the c grain structure in the solidifying sample of 0.2 mass pct carbon steel quenched during unidirectional solidification in metallic mold casting. [10] The solidification proceeds unidirectionally from the lower to upper part of the micrograph. The FCG region corresponds to liquid + c two-phase field, whereas the CCG region is a c single-phase field.
starts at the corresponding point. The growth rate is then controlled by the phase-field mobility of temperature-dependent L(T). [12] A linear temperature gradient G was applied unidirectionally along the y direction. G is constant with time, ranging from G = 2 9 10 2 to 5 9 10 6 K m À1 . The cooling rate _ T was set to a constant and it was varied from _ T= 0.1 to 50 K s À1 . Then, the thermal velocity V T is given by V T = _ T G, which is equivalent to the migration velocity of the T c position. The periodic boundary condition and zero flux boundary condition for / i were applied to the x and y directions, respectively. The initial temperature was set above T c over the whole system. T c was chosen to be T c = 1743 K and 1643 K (1470°C and 1370°C) . The lower edge of the y-axis is the lowest temperature side at which the initial temperature is T c . Hence, the position of T c moves from the lower to upper edge of the y-axis during cooling. When the T c position reaches the upper edge of the y-axis, the calculation was stopped.
The average grain diameters along the x and y directions were estimated by the linear intercept method. Because the columnar grains are elongated along the y direction in the current simulations, the diameter along the y-axis (x-axis) corresponds to long (short) axis diameter in columnar grain structures. For the sake of convenience, the grain diameters along the x-and y-axes are described as short axis diameter d S and long axis diameter d L , respectively, even in the case of equiaxed grain structures. The aspect ratio is defined as the ratio of d L to d S . We focused on several initial grain structures, i.e., FCG structures characterized by a initial = 1, 3 and d initial = 100, 150, and 200 lm. Here, a initial and d initial represent the initial aspect ratio and initial short axis diameter of FCG, respectively.
It is noted that the analyses and discussions in this article are based entirely on the results of 2-D simulations. In the analysis of grain size, the system size should be made large enough to obtain statistically reliable results. Therefore, the analysis based on 3-D simulations is computationally demanding. Although 2-D simulations might fail to produce some important features that emerge only in the 3-D system, the result of 2-D simulations provides a basis for an understanding of grain growth in the 3-D system. In this article, the discussions are presented with a careful attention paid to the difference between 2-D and 3-D processes.
III. RESULTS AND DISCUSSION

A. Structure Map for Equiaxed and Columnar Grains
The critical condition for the discontinuous growth to occur, which was the main concern in the previous study, [12] is explained briefly to promote a better understanding of the subsequent discussions. Figure 2 Figure 2 (a) is independent of the value of a initial . [12] When the cooling condition is located in the continuous growth region in Figure 2 Although not shown here, the width of CCG gradually increases with the migration of FCRB. When T c reaches the upper edge of the y-axis, most grains are elongated along the y direction. It should be mentioned that the aspect ratio a f in the final structure takes a higher value than a initial only when the discontinuous growth arises. [12] In the case of Figure 2 (g), both the discontinuous and continuous processes hardly take place because of high _ T and large G. [12] As described, the structure map in Figure 2 (a) specifies the range of cooling conditions for discontinuous growth, and therefore, it indicates the shape of the final grain structures, columnar or equiaxed shape. In the next section, our attention is directed at the final grain size in each growth condition. One will observe that the final grain size largely depends on the type of grain growth mechanism, the cooling condition, and the initial FCG structure.
B. Effects of Growth Conditions on Grain Size
In this section, the dependences of grain sizes d L and d S on _ T(thus G), d initial , T c , and a initial are discussed. The calculated long axis diameter in the final structure d L is plotted with respect to the thermal velocity V T in Figure 3 Importantly, the larger value of d initial leads to the larger peak value of d S , i.e., coarser grains. In the light of V critical , d initial should be controlled to be large to avoid CCG formation because the range of cooling conditions for discontinuous growth becomes narrow in the structure map. [12] As is realized in Figure 4 , however, the large value of d initial causes the formation of coarse grain structure once the discontinuous grain growth arises. Figure 5 demonstrates the effects of a initial and T c calculated for d initial = 150 lm and _ T= 1.0 K s À1 . It is noticed that V critical is independent of a initial , whereas it depends on T c , which can be observed in the sharp increase of d L appearing at the lower velocity for the lower T c . Importantly, the peak value of d S decreases with decrease in T c , which is in contrast to the dependence on d initial shown in Figure 4 . Therefore, decreasing T c is effective both in preventing the formation of CCG and in reducing the size of CCG. It is also important to notice that d S for a initial = 1 is always larger than that for a initial = 3 in the discontinuous growth region. Namely, initial structures with equiaxed grains cause the formation of coarser grains by the discontinuous growth compared with those with columnar grains.
As shown in this section, the long axis diameter in final structure d L shows the sharp increase when the mechanism of grain growth changes from the continuous to the discontinuous mode. This consequence is natural because most grains are elongated along the y direction from the lower edge to the upper edge of the y-axis in the final structure after the discontinuous growth. The short axis diameter d S exhibits the peak in the vicinity of the critical condition for discontinuous growth. The peak value of d S depends largely on the cooling rate _ T(thus the temperature gradient, G), initial short axis diameter d initial , initial aspect ratio a initial , and the temperature for completion of transformation to c single phase T c . These dependencies have not been revealed in early works on as-cast c grains during casting. [5] [6] [7] [8] In the next section, these dependencies of d S are discussed based on a theory of grain growth.
C. Description of Grain Size Based on a Theory of Grain Growth
For the sake of simplicity, we focus on the initial structure composed of equiaxed grains, i.e., a initial = 1. The dependences of d S on growth conditions for a initial = 1 are essentially identical with those for a initial (Figure 5(b) ). The effect of a initial will be discussed subsequently. First, we consider the continuous grain growth.
Hillert [17] developed a theory of grain growth. He demonstrated that the time evolution of a critical grain radius r c is described by dr
where hr(t = 0)i is the averaged value of initial grain radius and M(T) is given by M(T) = amr/g 2 . In this study, M(T) is called the grain boundary mobility and it is related to
[12]
The temperature dependence of M(T) is introduced in Eq. [3] and is given as M(T) = M 0 exp(ÀQ/(RT)) with a constant M 0 as commonly done in the experimental work. [7] If a continuous-cooling process is considered, Eq. [3] can be rewritten as
Note that the application of Eq. [4] to the continuous growth of our interest is not readily validated because the influence of temperature gradient on the grain growth was not considered explicitly in the derivation of Eq. [4] . To clarify the influence of temperature gradient, we performed additional simulations.
We carried out the phase-field simulations of grain growth under a fixed temperature distribution without cooling. The initial structure is an equiaxed grain structure characterized by a initial = 1 and d initial = 150 lm. A linear temperature gradient was applied along the y direction. The maximum temperature was fixed at 1743 K (1470°C) at the upper edge of the y-axis, viz., y = 5 mm. The cooling rate _ T was set to zero. The grain growth starts at t = 0 over the entire system, but the growth rate of grains depends on the local temperature. After holding for 30 seconds, the grain sizes were averaged over the x-axis at each y coordinate. The results for three different values of G are shown in Figure 6 . Although the data for large diameter are scattered, the grain size increases gradually with an increase in y in all cases. The curves in Figure 6 are the results of Eq. [3] calculated at each y coordinate with the assumption that the growing grains does not interact with each other along the y direction. Namely, these were obtained at each y coordinate just by employing the corresponding local temperature in Eq. [3] with a value of M 0 estimated by isothermal phase-field simulations. The calculated results of Eq. [3] are in good agreement with the results of simulations. This fact indicates that the grain growth under the temperature gradient is described as the time evolution of assembly of the grains growing isothermally at the corresponding local temperature, which is consistent with the finding in early Monte Carlo study. [18] The results of Figure 6 indicate that the temperature gradient G itself does not influence the grain growth directly, but the local temperature and the local cooling rate essentially control the grain growth kinetics. This fact verifies the applicability of Eq. [4] to the grain growth in the continuous growth region discussed in the previous section. This can be done by modifying Eq. [4] as follows
where hr(y, t f )i represents the grain radius averaged over the x-axis at a given position, y, at the end of process (t = t f ). T f (y) is the final temperature at a given position y as given by
where y max = 5 mm. The short axis diameters were calculated at each y coordinate from Eq. [5] under a given cooling condition. The averaged values over the y coordinate calculated for different cooling conditions are shown in Figure 7 , where the results of phase-field simulations for a initial = 1 are also plotted. Equation [5] successfully explains d S simulated in the continuous growth region for different growth conditions. As described in the introduction, in early works, the prediction of as-cast c grain size during continuous casting processes has been attempted based on a model of curvature-driven growth with the assumption that continuous grain growth takes place. [5] [6] [7] [8] It is important to note that the influence of the temperature gradient on c grain growth was not discussed explicitly in these works, and in this regard, the applicability of early developed models to the continuous casting process has not been verified sufficiently. In contrast, the early developed models are essentially equivalent to Eqs. [4] and [5] . Hence, the current analysis demonstrates the validity of the early developed models for the prediction of c grain size in continuous casting processes, as long as the continuous growth is dominant in the formation of as-cast c grain structure. As described amply, however, the formation of CCGs is attributed to the discontinuous growth. In Figure 7 , d S obtained by the phase-field simulations largely deviates from the result of Eq. [5] in the vicinity of V critical where the discontinuous growth arises. Next, we focus on the discontinuous growth region and attempt to describe the upper limit of c grain size near V critical .
Shown in Figure 8 (a) is the microstructural evolution process during cooling at _ T= 1.0 K s À1 and G = 1.2 9 10 4 K m À1 starting from initial equiaxed grain structure with d initial = 150 lm. This cooling condition is in the discontinuous growth region and V T is close to V critical . The discontinuous growth takes place and the width of the CCG increases gradually with the migration of FCRB. Importantly, the increase in the width of the CCG at the growth front of the CCG (i.e., near FCRB) occurs by competitive growth between the grains near FCRB. When the tip radius of the CCG at the growth front r' is concerned, the time evolution of r' can be assumed to originate from normal grain growth between the grains of r' whose center positions move at a velocity of V T . This competitive growth at the growth front should proceed almost isothermally at a local temperature near FCRB. Hence, the grain growth at the growth front of the CCG can be assumed to obey the relation d r 
as is similar to Eq. [3] . Here, t y is the time at which the FCRB reaches the position y and hr(y = 0)i is the initial radius at y = 0. In addition to this growth process at the growth front, there is the grain growth behind the FCRB during cooling below T c . The initial grain size for this process corresponds to r 0 y ð Þ h i at each position. Then, the time evolution of the short axis radius of CCGs can be approximated by the following equation:
The first term on the right-hand side of Eq. [7] represents the competitive growth between the CCGs at the growth front and the second term describes the grain growth during cooling below T c , which is equivalent to the right-hand side of Eq. [4] . Therefore, when the time evolution of grain size at a fixed position y is considered, the grain size changes discontinuously from its initial value (short axis diameter of FCG) to
at t = t y , and then the grain size increases gradually with time during the cooling below T c . The expression for Eq. [7] is applied to t ‡ t y .
When V T £ V critical is held, the discontinuous growth occurs dominantly. It should be noted that V critical given in Eq. [1] represents the velocity of shrinkage of FCG with average diameter d initial . [12] Hence, when V T = V critical is satisfied, most FCGs shrink with migration of the T c position. However, some FCGs with the short axis diameter larger than d initial cannot always shrink together with the migration of the T c position, and they can shrink or grow, competing with the CCG. Because the discontinuous growth is dominant over the continuous growth from FCGs when V T £ V critical , the final structure consists of fully columnar grains. Therefore, when V T is close to but less than V critical , the discontinuous growth is basically dominant, but the continuous growth from the FCG occurs partly, which should hinder the competitive growth between the CCGs at the growth front described by the first term of Eq. [7] and should result in d S smaller than the value predicted by Eq. [7] . As V T decreases, the contribution of continuous growth from FCGs diminishes, and then the grain size should approach the value of Eq. [7] . However, a subsequent decrease in V T causes the reduction of the CCG width, as discussed in detail later. Therefore, Eq. [7] should provide a maximum value of d S in the discontinuous growth region. The calculated results of Eq. [7] are shown in Figure 7 . Because the mobility of the grain boundary at the growth front should be affected by a low-temperature region when G is high, we assumed that T 0 c = T c À G hr'i in this calculation. Equation [7] describes the upper limit of c grain size successfully by the discontinuous growth for different values of _ T, d initial , and T c . Note that d S calculated by Eq. [7] decreases with decreasing V T in the discontinuous growth region in Figure 7 (b) because T 0 c becomes low in this region, and hence, the contribution of the first term in Eq. [7] becomes small.
In Figure 7 , the d S obtained by the phase-field simulations is consistent with the results of Eq. [5] in the continuous growth region. When V T falls below V critical , d S by simulations increases sharply to the value predicted by Eq. [7] in the discontinuous growth region. However, the d S obtained by the simulations decreases with subsequent decreases in V T , deviating from the result of Eq. [7] in all the cases. The reason for this behavior is discussed. Shown in Figure 8(b) is the microstructural evolution process for G = 4.0 9 10 4 K m À1 . The other conditions are the same as those in Figure 8(a) . Because G is larger, V T in Figure 8(b) is lower than that in Figure 8 (a). Compared with Figure 8(a) , the following differences appear in Figure 8(b) . All the FCGs shrink with the migration of FCRB. The width of the CCG (d S ) is small. The FCRB is almost a linear shape. The grain boundaries between the CCG are aligned linearly almost parallel to the y direction. These features stem from the low value of V T . When V T is low, the FCRB moves slowly. Accordingly, the FCRB is allowed to take an energetically favorable shape, which is linear shape because it minimizes the total grain boundary energy associated with FCRB. Furthermore, low V T allows the grain boundaries between the CCGs to change their shape to linear shape in order to minimize the total grain boundary energy of the CCGs. Hence, the grain boundaries between the CCGs are aligned linearly along the moving direction of FCRB (y direction). Then, these boundaries cannot move in a 2-D system because of no driving force for curvature-driven motion, and therefore, the increase in width of the CCGs does not occur. As a result, the width of the CCGs in Figure 8(b) is smaller than that in Figure 8 (a). As V T decreases, the FCRB moves more slowly and the grain boundaries become linear shape for a shorter period of time. The width of the CCGs should be accordingly smaller. Although we cannot provide a quantitative discussion about this process, this is the reason that d S obtained by the phase-field simulations decreases with decreasing V T in the discontinuous growth region in Figures 3 through 5 and 7 .
As discussed, the growth of the CCGs along its short axis direction is retarded once the grain boundaries between the CCGs are aligned linearly along the moving direction of FCRB. When the initial grain structure is a columnar shape, the linear alignment of boundaries appears in the early period of growth process. In the discontinuous growth region, therefore, the width of the CCGs in the final structure for a initial = 3 is smaller than that for a initial = 1 as demonstrated in Figure 5(b) .
A quantitatively precise determination of grain size in a 3-D system requires extensive computational resources, and therefore, our discussion has been limited to the 2-D system. However, Eqs. [5] and [7] should be applicable to the 3-D system when the grain boundary mobility M(T) is modified for the 3-D case, more specifically, it is made roughly twice as large as the value of the 2-D system. [12, 17] The difference between the 2-D and 3-D systems appears in the low V T region of discontinuous growth. As mentioned, when the grain boundary becomes a linear shape, it does not move according to the curvature-driven motion in the 2-D system, which is the reason that d S decreases with a decrease in V T in the low V T region of discontinuous growth. However, the linear grain boundary parallel to the growth direction of columnar grains in the 2-D system should correspond to a curved grain boundary in the 3-D system with a finite principal curvature of which the direction is almost normal to the growth direction. Hence, the CCGs in 3-D system can grow along its short axis direction even when V T is extremely low. In this regard, correction should be needed for the behavior of d S in the 3-D system in the low V T region. This point remains to be clarified in detail in a future work.
D. Comparison with the Experimental Data
The recent experimental investigation revealed that the width of the CCGs increases only near FCRB, viz., near T c , and it does not increase virtually during cooling below T c . [11] This fact is in marked contrast to the discussions in early works on c grain growth during casting. In our previous report, [11] we considered that the increase in the CCG width near T c could be explained by 2-D grain growth on the plane perpendicular to the moving direction of FCRB because of their columnar shape. As discussed in the previous section, however, such an increase in the CCG width should originate from the 3-D growth process between grains near FCRB, the contribution of which is described by the first term of Eq. [7] . In this section, we carry out a comparison between the experimental data obtained in our previous study [11] and the calculated result to check the validity of the current analysis on one hand and to ascertain quantitatively the experimental fact [11] on the other hand.
In the previous study on rapid unidirectional solidification, [11] the as-cast c grain structure of Fe-0.2 mass pct C-0.2 mass pct Si-0.8 mass pct Mn steel (0.2C steel) consisted of the CCGs over the entire region of sample. Hence, it is expected that the condition of V T £ V critical (Eq. [1] ) was always satisfied during the casting process. From the cooling curves measured at several distances from the mold wall, the thermal velocity V T during casting of 0.2C steel was estimated. [11] The result is plotted with respect to the distance from the mold wall in Figure 9 Also, we employed T c = 1751 K (1478°C), [19] M 0 = 4.0 9 10 À3 m 2 s À1 , [7] and Q = 177 kJ mol À1 [7] for 0.2C steel. The calculated values of V critical are shown in Figure 9 (a). V critical is close to V T in the previous experiment. [11] Because V critical % V T in Figure 9 (a), one cannot actually conclude which mode (growth mode, discontinuous mode, or continuous mode) is dominant in the casting experiment. As mentioned, however, the as-cast c grain structure of 0.2C steel consisted of CCGs over the entire region of sample, [11] and this fact indicates that the condition of V T £ V critical was always Fig. 9 -Comparisons between the experimental data [11] and the calculated results. (a) Dependence of V T measured in the previous study [11] and V critical calculated by Eq.
[1] on the distance from the mold wall. (b) Experimental and calculated results for short axis diameters with respect to distance from mold wall.
satisfied during the casting process. Therefore, it is expected that the measured V T is always close to but less than V critical . Then, the model given by Eq. [7] should be applicable to the description of the size of CCGs.
In what follows, we analyze the grain size in terms of both the continuous (Eq. [5] ) and the discontinuous modes (Eq. [7] ).
The measured values of d S of CCG in 0.2C steel cooled to room temperature [11] are shown in Figure 9 (b). d S increases gradually with an increase in the distance from the mold wall. The calculated results of Eq. [7] are indicated by filled circle symbols in Figure 9(b) . These values were calculated by using the cooling curves measured at each position. The cooling curves near the mold wall, viz., x < 8 mm, were not employed because of their large uncertainties in measurement accuracy. In the recent experimental study, [11] it was found that the diameter of the CCGs at the growth front measured in the quenched sample was almost coincident with the grain diameter at the corresponding position (height) in the sample naturally cooled to room temperature. As for the initial diameter in the calculation of Eq. [7] , therefore, we used d S = 0.46 mm measured at 1mm away from the mold wall in the sample naturally cooled to room temperature. The calculation was accordingly started from 1 mm away from the mold wall. The result of Eq. [7] is in excellent agreement with the experimental data. It should be pointed out that the initial aspect ratio of the FCG is always larger than 1 in the experiment, but Eq. [7] is in a strict sense valid for a initial = 1. In addition, a certain uncertainty might be involved in the accuracy of M(T) used in the current calculation. Although these points remain to be examined quantitatively, the agreement between the experimental and calculated results in Figure 9 (b) support the validity of the model proposed in this study.
The half-filled open circles in Figure 9 (b) represent the contribution of the first term in Eq. [7] , viz., d S calculated without the grain growth during cooling below T c . By a comparison with the experimental data, it is evident that within the model of Eq. [7] , the grain growth takes place mainly because of the competitive growth near FCRB, and the contribution of grain growth during cooling below T c is small. It should be noted that the main concern in early works on grain growth of the as-cast c structure [5] [6] [7] [8] has been the cooling process below T c . In contrast to the early discussions, our model suggests that the cooling process below T c should not be the dominant process in controlling the as-cast c grain size during casting, and the grain size should be determined mainly by the grain growth isothermally taking place near T c . This is fully consistent with the recent experimental finding. [11] The triangle plots in Figure 9 (b) indicate the results for the continuous growth calculated by Eq. [4] . The measured cooling curve at each position was employed and the measured diameter of FCG at each position was used as the initial diameter at each position in the calculation. The other input parameters are the same as those used in the calculation of Eq. [7] . The continuous growth model (Eq. [4] ) underestimates the grain size. Therefore, the experimental results of the grain size cannot be explained based on the continuous grain growth mechanism.
The effects of the initial grain structure near the cast surface are discussed. The initial grain size near the cast surface affects the onset of discontinuous growth and, thus, the final grain size. If fine grains form near the mold side, then the discontinuous growth process is prone to arise from such a fine structure near the mold wall because V critical given by Eq. [1] is high. Even if the grain growth does not sufficiently take place because of the high cooling rate near the mold side, the discontinuous growth should arise at a position where the grain growth is allowed and V T £ V critical is realized. [12] In fact, as demonstrated elsewhere, [20] when the carbon concentration is higher and, thus, V critical is relatively lower because of the decrease of T c , fine equiaxed c grains are more likely to form in the vicinity of the mold wall and the c grain structure changes to CCG at a certain distance from the mold wall. In the case of 0.2C steel of our focus, the CCGs develop from the cast surface, [11] and therefore, the discontinuous growth starts almost at the cast surface. The formation process of the initial coarse c grains near the cast surface was not elucidated fully in the experimental work, [11] and it was not explicitly addressed in the present analysis where the calculation of Eq. [7] was started from 1 mm away from the mold wall. The formation process of initial c grains near the cast surface remains to be clarified.
IV. CONCLUSIONS
The as-cast CCGs in peritectic carbon steels develop by the mechanism of discontinuous grain growth. When the migration velocity of the T c position V T decreases to the critical velocity V critical , the discontinuous grain growth occurs, and the CCG structure forms accordingly. In this study, the effects of growth conditions on the as-cast c grain size were scrutinized by means of the 2-D phase-field simulations. It was demonstrated that the long axis diameter of the as-cast c grain d L increases sharply when the mechanism of grain growth changes from continuous to discontinuous mode. Importantly, the dependence of the short axis diameter d S on V T exhibits the peak near V critical . Then, the dependences of d S on growth conditions were discussed based on a theory of grain growth, and a model for predicting the upper limit of d S was put forward. The comparison between the calculated result and the experimental data [11] supports the validity of this model. In the current study, we have not dealt explicitly with the formation of the FCG structure. Because the shape and size of the FCG structure largely affect the final grain size, the detailed investigations on the FCG formation is an important subject to be addressed for future progress in controlling the as-cast c grain structure.
